Abstract: In this paper, multiple Fano resonances based on semi-ring-rectangular composite cavity (SRRCC) structure are numerically investigated and explained by the finitedifference time-domain method and the multiple interference coupled mode theory method. High refractive-index sensitivities and high figure of merits (FOMs) are obtained in SRRCC system, and thus it may be preferred in the chip-scale optical sensing area. Besides, the phase response and the delay time within the Fano resonant windows are also investigated. Additionally, two more Fano resonances with high sensitivities and FOMs emerge through adding a new semi-ring cavity. These structures show widely applications in the sensing area and promote development of on-chip integrated photonics.
Introduction
Fano resonance, which is caused by the coherent interaction between a discrete state and a continuous one, has played an important role in the plasmonic researches over recent years [1] - [6] . Compared with Fabry-Pérot (FP) resonance, sharp asymmetrical spectral line-shapes and stronger field enhancements can be obtained in Fano resonances [7] , [8] . These characteristics show tremendous potential in a lot of fields such as sensors [9] - [14] , switches [15] - [17] and slowlight devices [18] - [20] . Consequently, various plasmonic structures have been widely designed to achieve Fano resonances, especially for metal-insulator-metal (MIM) waveguides owing to the characteristics of compact footprint, deep light confinement, and compatible with fiber [21] - [27] . Over the recent past, Fano resonances based on MIM waveguides have received numerous interests due to high refractive-index sensitivities and high figure of merits (FOMs). For example, Fano resonance is achieved in MIM waveguides coupled with rectangular and ring resonators, and the sensitivity of the proposed structure can reach 1125 nm/RIU, which can be applied in sensing area [28] . Nevertheless, in order to develop highly integrated photonic circuits, multiple Fano resonant structures attract more attention than single Fano resonance in simple MIM structures. Therefore, a high tide of research on the composite conformations based on MIM waveguides is raised. In the previous work, an MIM waveguide coupled with tangent-ring resonators is proposed to achieve multiple Fano resonances [29] . Moreover, dual, triple, and quad Fano resonances with high FOMs are also realized by adding end-coupled slot cavities in the waveguide [30] .
In this paper, a semi-ring-rectangular composite cavity (SRRCC) structure is investigated based on MIM waveguide. A semi-ring cavity (SRC), which is set above the input and output MIM ports, is regarded as a FP resonator. After adding a vertical rectangular cavity into the SRC system, multiple Fano resonances with high refractive index sensitivities and FOMs are achieved owing to the mode interactions, and the corresponding phase shifts and delay time within the Fano resonant windows are also investigated. Besides, through adding a new semi-ring cavity into SRRCC structure, another two Fano resonances can be obtained. Based on the characteristics explored by the finite-difference time-domain (FDTD) method and the multiple interference coupled mode theory (MICMT) method, these devices have great potential in highly integrated photonic devices
Simulations and Analyses
Firstly, an MIM waveguide coupled with an SRC is analyzed, and the schematic diagram is shown in Fig. 1(a) . The semi-ring resonator is set above the waveguide with a coupling distance of d, and the inner and outer radii are set as r and R , respectively. The distance between the input and output ports is set as D , and the widths of both input and output ports are w .The insulator is air (ε 0 = 1.0) and the metal is silver with dielectric constant ε m explained by the Drude model [31] :
, where ε ∞ = 3.7, ω p = 9.1eV and γ = 0.018eV. According to the equation of the accumulated phase shift per round trip: = 2ϕ + 4πn eff C/λ, interference appears as is equal to 2N π, and the wavelength of the resonant mode is λ= 2n eff C/(N − 2ϕ/π), where C is the length of resonators, ϕ represents the phase shift brought by the reflection in the plasmonic system, and n eff represents the effective index of the MIM waveguide [31] .
For investigating the structure, 2D FDTD simulation is employed. In the following simulation, the parameters of the structure are d = 50 nm, D = 70 nm, w = 50 nm, R = 310 nm and r = 260 nm, and all of them are fixed throughout this paper. The transmission spectrum is shown in Fig. 1(b) plotted by blue solid line. Obviously, there are two FP resonant peaks emerging at ∼891.956 nm and ∼678.912 nm, respectively. Because of the high transmittance (>0.45) and the symmetrical line shapes, the structure can be applied in the filtering area. Furthermore, the corresponding transmission spectrum of the system is also analyzed by CMT method [32] - [34] . Based on CMT method, the transmission T of the structure can be expressed as T = |(
where Q w and Q r are the quality factors related to the coupling loss from the semi-ring resonator to the MIM waveguide and the inherent loss within the semi-ring resonator, respectively. As shown in Fig. 1(b) , the transmission spectrum plotted with red-star line by CMT method matches well with the simulation results.
Subsequently, a vertical rectangular groove is added between the input and output port, with a width of w , a length of L , and a coupling distance of d 1 to the input/output port. The coupling distance between the semi-ring resonator and the groove is d 2 , as shown in Fig. 1(c) . In MIM waveguide, the continuum state can be considered as the resonant pass band, while the discrete state is considered as the forbidden one. Each slot cavity can provide multiple resonant modes that act as the continuum states or the discrete ones, which are depended on the location of the slot cavity (e.g., side-coupled or end-coupled to the MIM waveguide). Thus, the discrete state can be obtained in SRC system. After adding the end-coupled rectangular cavity, the pass bands are generated, which are regarded as the continuum state. Since multiple FP resonant modes are generated inside both cavities, mode interactions then occur to obtain Fano resonances with asymmetrical line shapes. In view of the coupled phases and modulus in this SRRCC system, multiple interference coupled mode theory (MICMT) [35] , [36] based on CMT method is further derived to obtain a more accurate spectral response, and it can be given as follows:
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where a n and ω n represent the field amplitude and resonant frequency of the n-th resonant mode, respectively. t n0 is set as the decay time of internal loss of the n-th resonant mode. t n1 and t n2 are the decay time of the coupling between the resonator and input/output ports, respectively. γ n1 e j φ n1
and γ n2 e j φ n2 represent the normalized coefficients (γ n1 = γ n1 ≈ 1 in the paper), ψ n is the phase difference of the n-th resonant mode between input and output ports. θ n1 and θ n2 are the coupling phases of the n-th resonant mode. Since SPP is only launched from the left side into the structure, S 2+ can be assumed to be S 2+ = 0, so the complex amplitude transmission coefficient can be expressed as:
where n = 1, 2, 3, · · · is the integer order of Fano resonant mode, the total coupling phase difference of the n-th resonant mode is φ n = φ n1 + ψ n + θ n1 − θ n2 . In the structure, the widths of both input and output ports are equal, θ n1 = θ n2 and t n0 = t n1 = t n2 , so that the equation of transmittance can be simplified as:
In FDTD simulation, the parameters of the rectangular cavity are set as: w = 50 nm, L = 390 nm, and d 1 = d 2 = 10 nm. As the transmission spectrum shown in Fig. 2(a) , there are four asymmetrical ultra-sharp Fano resonant peaks (i.e., four resonant modes), which are represented as FR1, FR2, FR3 and FR4, respectively. The corresponding transmittances and the wavelengths for four Fano peaks are ∼0.289 at ∼647.585 nm, ∼0.483 at ∼735.672 nm, ∼0.562 at ∼895.513 nm and ∼0.507 at ∼1256.22 nm, respectively. The complex amplitude transmission coefficient of the other resonant modes is assumed as t 0 , thus the transmission coefficient can be expressed as t = t 0 + t 1 + t 2 + t 3 + t 4 . The transmission spectrum obtained by MICMT method is also plotted with red-star line in Fig. 2(a) , which is almost identical with the FDTD simulation result. In addition, electromagnetically induced transparency (EIT) has been confirmed by scientists to be a special phenomenon of Fano resonance [37] , [38] . As shown in Fig. 2(b) by setting L = 170 nm,EIT is achieved at λ = ∼ 769.534 nm, which is previously the forbidden band in Fig. 1(b) , indicating that EIT is a special case of Fano resonance. Therefore, the proposed structure can be applied in the sensing area. In order to evaluate the sensing characteristics of the structure, the sensitivity, one of the most important factors, is expressed as [39] :
where λ and n(λ) represent the resonant wavelength and the refractive index of the resonator, respectively. When n(λ) increases from 1.0 to 1.2 with a step of 0.05, the wavelength variations of Fano resonant peaks are shown in Fig. 2(c) . According to Eq. (4), it can be calculated that sensitivities of FR1, FR2, FR3 and FR4 are ∼608.64 nm/RIU, ∼711.14 nm/RIU, ∼876.88 nm/RIU and ∼1260.5 nm/RIU, respectively. Compared to conventional structure, Fano resonances are easier to be detected owing to their narrow bandwidths and the ultra-sharp asymmetric peaks and dips. Additionally, FOM is another factor to evaluate the performance of this structure, and it is expressed as [40] :
where T (λ) is the transmission, and dT (λ)/dn(λ) represents the change of transmittance caused by different refractive indexes. In accordance with the transmission spectrum in Fig. 2(a) and Eq. (5), the maximum FOM values corresponding to Fano resonances can be calculated as ∼37.94 dB, ∼45.56 dB, ∼49.24 dB, and ∼41.67 dB, respectively, as shown in Fig. 2(d) . Furthermore, group delays τ and phase responses θ are also studied. According to the expression of the phase response and delay time: τ(λ) = − λ 2 2πc dθ dλ [41] , their variations with respect to the wavelength are plotted in the Fig. 2(e) , where the red line and the blue line represent the phase response and the delay time, respectively. Obviously, phase shifts will occur within all the Fano resonant windows, leading to negative and positive time delays around the dips and peaks, respectively. For the dips, the largest delay values are ∼−0.217 ps, ∼−0.202 ps, ∼−0.326 ps and ∼−0.098 ps achieved at ∼657 nm, ∼763 nm, ∼871 nm and ∼1304 nm, respectively. On the contrary, positive delays with maximum values of ∼0.167 ps, ∼0.0955 ps, ∼0.0958 ps, ∼0.0389 ps are obtained at the Fano-peak wavelengths. The magnetic field distributions corresponding to the peaks of FR1, FR2, FR3 and FR4 are shown in Figs. 2(f)-(i) , in which the SPPs propagation details for the resonant peaks can be observed. The normal and abnormal dispersion can be obtained in this proposed structure. Therefore, the system benefitted from the group delays can be well applied in the fast or slow light technologies., which are preferred in optical buffer and storage [42] - [44] .
Next, according to the research above, a dual-semi-ring rectangular composite cavity (DSRRCC) structure, which consists of a new concentric semi-ring with an inner radius of r 1 and an outer radius of R 1 in the SRRCC system, is proposed and shown in Fig. 3(a) . During FDTD simulation, the inner and outer radii are r 1 = 360 nm and R 1 = 430 nm, respectively, and the transmission spectrum is shown in Fig. 3(b) . Compared with the SRRCC system, there are two new Fano peaks, one (named as NFR1) appears at wavelength of ∼691.455 nm with a transmittance of ∼0.45, and the other called NFR2 arises at ∼1121.35 nm with a transmittance of ∼0.59, respectively.
According to Eqs. (4) and (5), the sensitivities and the maximum FOMs can be obtained, as shown in Figs. 3(c) and (d) , respectively. For NFR1, the sensitivity is ∼663.594 nm/RIU and FOM is ∼62.08 dB, while the sensitivity and FOM of NFR2 are ∼1099.1 nm/RIU and ∼47.67 dB, respectively. The phase response with respect to the wavelength is also analyzed. As shown in Fig. 3(e) , phase shifts are also achieved around the NFR1 and NFR2 windows. Therefore, Fano resonances can be increased in the DSRRCC system, which has more potential in the integrated photonic circuits.
Conclusions
In summary, there are four Fano resonances in the proposed SRRCC structure, which has been investigated by using FDTD and MICMT methods. Through numerically calculation, high sensitivities of ∼608.64 nm/RIU, ∼711.14 nm/RIU, ∼876.88 nm/RIU and ∼1260.5 nm/RIU, and high FOMs of ∼37.94 dB, ∼45.56 dB, ∼49.24 dB and ∼41.67 dB can be obtained for four peaks, which show great potential in the sensing areas. Additionally, the SRRCC system can be utilized in slow/fastlight device because of the negative or positive delay time around the dips or peaks, respectively. Nevertheless, two more Fano resonances arise based on DSRRCC structure with high sensitivities and FOMs. It is believed that these proposed structures can find important applications in highly integrated on-chip sensing devices.
